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COHERENT UNIT ACTIONS ON REGULAR OPERADS AND 

HOPE ALGEBRAS 

KURUSCH EBRAHIMI-FARD AND LI GUO 


Abstract. J.-L. Loday introduced the concept of coherent unit actions on a regular 
operad and showed that such actions give Hopf algebra structures on the free algebras. 
Hopf algebras obtained this way include the Hopf algebras of shuffles, quasi-shuffles 
and planar rooted trees. We characterize coherent unit actions on binary quadratic 
regular operads in terms of linear equations of the generators of the operads. We 
then use these equations to classify operads with coherent unit actions. We further 
show that coherent unit actions are preserved under taking products and thus yield 
Hopf algebras on the free object of the product operads when the factor operads have 
coherent unit actions. On the other hand, coherent unit actions are never preserved 
under taking the dual in the operadic sense except for the operad of associative 
algebras. 


1. Introduction 

While the original motivation for the study of the dendriform dialgebra jSOl was 
to study the periodicity of algebraic A-groups, it soon became clear that dendriform 
dialgebras are an interesting subject on its own. This can be seen on one hand by 
its quite extensive study by several authors in areas related to operads ES) homol¬ 
ogy [nmn], combinatorics 0 El El EH], arithmetic pg, quantum field theory [0] and 
especially Hopf algebras [21 El 113 EHl EH] • On the other hand it has several generaliza¬ 
tions and extensions that share properties of the original dendriform dialgebra. These 
new structures include the dendriform trialgebra 122], the dipterous algebra EDI. the 
dendriform quadri-algebra |2], the 2-associative algebra jsni EH E3, the magma al¬ 
gebra [12] and the ennea-algebra. In fact, they are special cases of a class of binary 
quadratic regular operads that will be made precise later in this paper. 

It is remarkable that many of these algebra structures have a Hopf algebra structure 
on the free algebras. For example, the free commutative dendriform dialgebras and 
trialgebras are the shuffle and quasi-shuffle Hopf algebras, and the free dendriform 
dialgebra and trialgebras are the Hopf algebra of binary planar rooted trees |2dl EH] 
and planar rooted trees [22] • These hndings were put in a general framework recently 
by Loday [22] who showed that the existence of a coherent unit action on a binary 
quadratic regular operad with a splitting of associativity endows the free objects with 
a Hopf algebra structure. Since then, this method has been applied to obtain Hopf 
algebra structures on several other operads IITIIIHIOES]. 
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Thus it is desirable to obtain a good understanding of such operads with a coherent 
unit action and therefore with a Hopf algebra structure on the free objects. This is 
our goal to achieve in this paper, by working with the generators and relations of these 
regular operads mEE]. As a result, we explicitly describe a large class of operads that 
give rise to Hopf algebras. 

After briefly recalling related concepts and results, we first give in Section El a simple 
criterion for a unit action to be coherent. This criterion reduces the checking of the 
coherence condition to the verification of a system of linear equations, called coherence 
equations. Then in Section El we use the coherence equations to obtain a classification 
of binary, quadratic, regular operads that allows a coherent unit action. Special cases 
are studied and are related to examples in the current literature. 

The compatibility of coherent unit actions on operads with taking operad products 
and duals is studied in Section El We show that the coherence condition is preserved 
by taking products. Thus the Hopf algebra structure on the product operad follows 
automatically from those on the factor operads, as long as the factor operads have 
coherent unit actions. In contrast to products, we show that the coherence condition 
is never preserved by taking the dual in the operadic sense, except for the trivial case 
when the operad is the one for associative algebras. 

We give a similar study of the related notion of compatible unit actions It is 
related to, but weaker than the notion of coherent unit actions. 


2. Compatible and coherent unit actions 

2.1. ABQR operads. We recall the standard definition of algebraic operads in gen¬ 
eral before rephrasing it in our special case. Since we will not need the general definition 
in the rest of the paper, we refer the interested reader to find further details in the 
standard references, such as mmmm- 

Let k be a field of characteristic zero and let Vect be the category of k-vector 
spaces. An algebraic operad over k is an analytic functor 7 : Vect — > Vect such that 
1P(0) = 0, and is equipped with a natural transformation of functors 7 : T o T ^ T 
which is associative and has a unit 1 : id —T. 

By considering free T-algebras, an operad gives a sequence {T(n)} of finitely gen¬ 
erated k[S'„] -modules that satisfy certain composition axioms. An operad is called 
binary if T(l) = k and T(2) generates 7{n),n > 3 by composition; is called qua¬ 
dratic if all relations among the binary operations T(2) are derived from relations in 
1P(3); is called regular if, moreover, the binary operations have no symmetries and 
the variables x, y and 2 : appear in the same order (such as {x ■ y) ■ z = x ■ {y ■ z), not 
(x-y)- z = x-{z- y)). 

By regularity, the space T(n) is of the form T„(g)k[5'ri,] where is a vector space. So 
the operad {T(?r)} is determined by {Tn}- Then a binary, quadratic, regular operad 
is determined by a pair (H, A) where = ^ 2 , called the space of generators, and A 
is a subspace of called the space of relations. So we write 7 = (12, A) 

for the operad. Since (12, A) is determined by (cJ, A) where cn is a basis of 12 and A 
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is a basis of A, we also use (lJ, A) to denote a binary, quadratic, regular operad, as is 
usually the case in the literature. 

For such a IP = (f2,A), a k-vector space A is called a tP-algebra if it has binary 
operations and if, for 

k m 

(of ^ ® ® e A c ^ 

i=l j=l 

with e Q, 1 < i < k, 1 < j < m, we have 

k m 

(1) y) ©f^ z = z),^ x,y, z e A. 

i=l j=l 

We say that a binary, quadratic, regular operad (fl, A) has a splitting associativ¬ 
ity if there is a choice of a in fl such that (a© a, a© a) is in A I2ni- As an abbreviation, 
we call such an operad an associative BQR operad, or simply an ABQR operad. 
Equivalently [71 Lemma 2.1], a binary, quadratic, regular operad is ABQR if and only 
if there is a basis u = {cjj} of 12 such that a = there is a basis A = {Aj}j of 

A such that the associativity of a is given by the sum of Aj, giving a splitting of the 
associativity of a : 

(a © A, A © a) = 'y ^ \j . 

j 

Note that a binary quadratic regular operad (12, A) might have different choices of 
associative operations. For example, if a is associative, then so is ca for any nonzero 
c G k. As we will see later, some operads even have linear independent associative 
operations. 

To be precise, we let (12, A, a), or (cn, A,a), denote an ABQR operad with a as the 
chosen associative operation. Let (12, A, a) and (12', A', a') be ABQR operads with 
associative operations a and a' respectively. A morphism / : (12, A, a) —>• (12', A', a) is 
a linear map from 12 to 12' sending a to a' and inducing a linear map from A to A'. An 
invertible morphism is called an isomorphism. 

The following examples of ABQR operads will be used later in the paper. 

Example 2.1. (1) An associative k-algebra is a k-vector space A with an asso¬ 
ciative product ■. The corresponding operad is 7a = (i^a, •) with lJa = {■} 

and Xa = {(■©•,•© •)}• 

(2) The dendriform dialgebra of Loday [221 corresponds to the operad = 
{u!di Ad) *d) with LVjj = {-<, >-}, -k£) =-< -1- © and 


( 2 ) Xf) — {(-< ©-<,-< ©(-< -\- ©)), (© © ©, © © ©), ((© -|- ©)© ©, © © ©)}. 
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(3) The dendriform trialgebra of Loday and Ronco [211 corresponds to the op- 

erad = {ut, Xt, *r) with ut = {“<) *r =“< + >- + o and 

At = {(-< (8) ® a), (>- (8) ® -<), (a (g) (g) >-),(>- (g) o, >- ® o), 

( 3 ) (-< g o, o g g), (o g o g -<), (o g o, o g o)}. 

(4) Leronx’s NS-algebra |TH] corresponds to the operad Tat = {un, Xn,*n) with 
wtv = {-<, >-, •}, Aat =-< + g + • and 

Xn = {(“^ *8> gA),(g g -=(,g g -=j),(Ag g,g g g), 

(4) (a g • + • g g g • + • g a)}. 


2.2. Compatible and coherent unit actions. We now review the concepts of co¬ 
herent and compatible actions on regnlar operads, and the theorem of Loday showing 
that the existence of coherent nnit actions yields Hopf algebras. 


Let T = (fl, A, a) be an ABQR operad. A unit action on T is a choice of two linear 
maps 

a, /3 : k 


snch that a (a) = /3(a) = 1, the nnit of k. 

Let A be a T-algebra. A nnit action (a, (3) allows us to extend a binary operation 
0 G on A to a restricted binary operation on A_|_ := k.l © A by dehning 


(5) 


© : A+ g A+ ^ A+, 


aQb : = 


' aQb, 
a( 0 ) a, 

< P{Q)b, 

1 , 

undehned, 

V ^ 


ci,b ^ A, 
a E A,b = 1, 
a = l,b E A, 
a = 6 = 1, 0 = A, 
a = 6 = 1, 0 7^ A. 


Thus the extended binary operation 0 is dehned on the subspace (k.l g A) © (A g 
k.l) © (Ag A) of A+ g A+, and on the full space A_|_ g A+ when 0 = a. The unit action 
is called compatible if the relations of T are still valid on A_|_ for each T-algebra A 
whenever the terms are dehned. More precisely, if (^. 0 ^^^ g ^ 

a relation of T, then 

= '^xQf\yQfz), 'ix,y,zE A+, 

* j 


whenever the two sides make sense. 

Next let A, B be two T-algebras where T has a compatible unit action (a,/9). 
Consider the subspace AM B := (A g k.l) © (k.l g R) © (A g B). For © G fi, 
dehne a binary operation 


B : {AM B) M {AM B) ^ AM B 


by 

( 6 ) 


(a g 6 ) □ {a' g b') 


{a-ka') g {bQb'), if 6 g fe' 7 ^ 1 g 1 , 
(a©a') g 1 , otherwise. 
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We say that the unit action [a, j3) is coherent if, for any T-algebras A and B, the 
subspace AM B, equipped with these operations is still a IP-algebra. We note that 
A+ 0 5+ = k.l © (j 4 lEl S) = {AM B)j^. Thus the associative operation a gives an 
associative operation a on ^4 i? which, as in dSD, extends to an associative operation 
* on A^ 0 B+. 

By definition, a coherent unit action on 7 is also compatible. The converse is not 
true. See Example 12.51 

The significance of the coherence property can be seen in the following theorem of 
Today j2S] • We refer the reader to the original paper for further details. 

Theorem 2.2. Let 7 be an ABQR operad. Let 7{V)^ be the augmented free 7-algebra 
on a \<i-vector space V. Any coherent unit action on 7 equips T(E)+ with a connected 
Hopf algebra structure. 

The Hopf algebra structure is in fact a T-Hopf algebra structure in the sense that 
the coproduct is a morphism of augmented T-algebras. 

For example, it was shown in [22] that, for the dendriform trialgebra 7t = {ujt, At, At) 
with Qt = the unit action 

«(-<) = Pi^) = 1, «(^) = «(°) = Pi^) = Pi°) = 0 

is coherent with the relations of Tt, and thus the free Tr-algebra on a k-vector space 
has a Hopf algebra structure. This is the Hopf algebra of planar rooted trees [2H1. The 
same method also recovers the Hopf algebra structure on the free dendriform dialgebra 
as planar binary rooted trees ra. and applies to obtain Hopf algebra structures on 
several other algebras HZl CHI ca 123 (see Corollary ESI). Furthermore, a variation 
of Theorem 12.21 applies to Zinbiel algebras to recover the shuffle Hopf algebra 123 
and applies to commutative trialgebras to recover the quasi-shuffle Hopf algebra of 
Hoffman [T3j. See |27j . 

The understandings gained in this paper on coherent unit actions on ABQR operads, 
especially the classification fTheorem Id.lj) . give us the precise information on the kind 
of operads that we should expect a Hopf algebra structure on the free objects. For some 
of these operads, the construction of their free objects might be obtained through the 
relation between the operads and certain type of linear operators. For example, there 
are natural functors from the category of Rota-Baxter algebras (of weight zero and one) 
to that of dendriform dialgebras and trialgebras PEI By an analog of the Poincare- 
Birkhoff-Witt Theorem jHj, the adjoint functors embed a dendriform dialgebra and 
trialgebra, especially a free one, into a Rota-Baxter algebra. Thus one can use Rota- 
Baxter algebras to construct free dendriform dialgebras and trialgebras and recover 
the multiplication in the Hope algebra structures. A Similar approach should apply to 
some other instances, such as the natural functor from Nijenhuis algebras to Lerous’ 
NS-algebras UBI and the natural functors from algebras with two commuting Rota- 
Baxter operators to dendriform quadri-algebras and ennea-algebras mini 

Coherent unit actions are also defined by Today |23 for binary, quadratic operads 
without the regularity condition and are recently extended to general algebraic operads 
by Holtkamp uni. In these cases, the free objects of the operad 7 have the structure of 


6 


KURUSCH EBRAHIMI-FARD AND LI GUO 


a y-Hopf algebra, a more general concept than Hopf algebra. It would be interesting 
to extend results in this paper to the general case. 


2.3. Coherence equations. We provide an equivalent condition of the compatibility 
and coherency of unit actions in terms of linear relations among the binary operations 
in an operad. This criterion will be applied in Theorem 13. II to classify ABQR operads 
with coherent or compatible unit actions. 


Theorem 2.3. Let T = (hi, A, a) be an ABQR operad. 

(1) A unit action {a, (3) on T is coherent if and only if, for every 

(^0<'>0 0f'.5:0f ®0f)eA, 

* j 

the following coherence equations hold. 

(Cl) E,/3(0‘“)0f’ = E,/3(0f)0f, 

(C2) E,«(0l‘’)0f’ = E,/3(0f )0f, 

(C3) Ei«(0f’)0!‘’ = E,a(0f)0f, 

(C4) E,/3(0f’)0h =Ej/3(0f)/3(0r)*. 

(C5) El a(0'‘')a(0S"’)* = E, a(0f’) ■ 

(2) A unit action {a, (3) on T is compatible if and only if, for every 

(i:0!‘'0 0f',^0f ®0f)€A. 


equations (Cl), (C2) and (C3) above hold. 


Before proving Theorem 12.31 we give examples to show how it can be used to deter¬ 
mine compatible and coherent unit actions. 

Example 2.4. Consider the dendriform dialgebra T/j = A^) in Eq.©. So Or, = 

{-<, >-} and 

Xd — {(~0 ® “A, “A + >-)),(>- ® ® -<),((-< + >-)® ® ^)}- 

Suppose (a, (3) is a coherent unit action of Td- Then the three equations in A/j satisfy 
(Cl) ~ (C5). Applying (Cl) to the first relation in A^i, we obtain /?(-<) -<= /?(-<)(-< 
-I- >-). So l3{-<) >~= 0. Therefore f3{-<) = 0. Applying (C2) to the first relation, we 
have «(-<) -<=-< since (3{-< -|- )-) = /3(a) = 1. Thus a(-<) = 1. Similarly, applying 
(C2) to the second equation, we have «(>-) -<= /3(-<) >-. So «(>-) = 0. Applying (Cl) 
to the third equation gives (3{-< + >-) >-=>-= /3(>-) >~. Thus /3(>-) = 1. Therefore, the 
only coherent unit action on is the one given in 

= !)“(>“) = (^{~<)) = 0 - 

Note that we have only used (Cl) ~ (C3). So the above is also the only compatible 
unit action of 

We will comment on the trialgebra case in Corollary 13.41 
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Example 2.5. We consider the 2-associative algebra in nm and |Slj. It is given by 
generators a) = {*, •} and relations 

A = ® ® *); (■ ® ® ')}■ 

Consider the nnit action (a,/3) in given by a(*) = a(-) = /?(*) = /?(■) = 1 . 
We show that the action is not coherent regardless of the choice of the associative 
operation a. Snppose (a, (3) is coherent. Then applying (C4) to (* ® ® *), we have 

j3{*)* = j3{*)j3{*)'k. So * = A. Applying (C4) to (• ® ®-), we have /?(■)• = /3(-)/d(-)A. 

So ■ = A. This is impossible. So Theorem 12.21 cannot be applied to give a Hopf algebra 
structnre on free 2 -associative algebras. 

However, by verifying (Cl) - (C3), we see that the nnit action is compatible when a is 
taken to be *. Loday and Ronco [201 El) have eqnipped a free 2 -associative algebra with 
a Hopf algebra strnctnre with * as the product. This suggests a possible connection 
between compatibility and Hopf algebras. 

Similar arguments show that the associative dialgebra (see Example I4.4|l and the 
operads X± in [20] have no coherent unit actions. 

Proof: (1) Let (a,/?) be a unit action on T. We say that the unit action (a,/3) is 
coherent with a relation (X^j 0 ^^^ 0 ^ T-algebras 

A and R, the operations 0 G hi, when extended to A Kl R by Eq. ([Oj), still satisfy 
the same relation. Then to prove the theorem, we only need to prove that (a, (3) is 
coherent with a given relation (^. 0 ^^^^ 0 0 f\ 0 ^-^^ 0 0^"^^) G A if and only if (Cl) 

- (C5) hold for this relation. 

Further, by definition, (a,/?) is coherent with (^. 0 -^^ ®Qf \ 0 0^-^^) means 

that, for any T-algebra A and R and for any a, a', a" G A_|_ and b, 6 ', h" G R+ such that 
at least one of b, b', H' is not 1 , we have the equation 

(7) ^ ((a 0 b) 0 f^ (A 0 6 ')) 0f^ (a" 0 ^') = ^^(a 0 ^) ((a' 0 (a" 0 &")) • 

* i 

Thus there are 7 mutually disjoint cases for the choice of such b, b', \3'\ the case when 
none of b, b', b” is 1 , the three cases when exactly one of b, b', b" is 1 , and the three cases 
when exactly two of b,b',b" are 1. Note that when none of b,b',b'' is 1, Eq. o just 
means that (^. 0 -^^ 0 0 ® 0 0 ^^^) is a relation for T, so is automatic true. 

Thus to prove the theorem we only need to prove 

Case 1. Eq. ([T]) holds for 6 = 1, 6 ' 7 ^ 1 7 ^ b" if and only if (Cl) is true; 

Case 2. Eq. O holds for 6 ' = 1, 6 7 ^ 1 7 ^ 6 " if and only if (C2) is true; 

Case 3. Eq. (0 holds for fe" = 1, 6 7 ^ 1 7 ^ b' if and only if (C3) is true; 

Case 4. Eq. O holds for b = y = 1, b" 1 if and only if (C4) is true; 

Case 5. Eq. O holds for fe' = fe" = 1, fe 7 ^ 1 if and only if (C5) is true; 

Case 6 . Eq. ([?[) holds for b = b" = 1, b’ ^ 1 if (Cl) is true. 
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We first consider the three cases when exactly one of b,b\b" is 1. Then by the 
definition of the operation © on A Kl S in Eq. we can rewrite Eq. o as 

(8) (((aW)W') © {{hQfh')Qfh")^ = ^ ((aA(aW')) © (6©f (6'©f 6")))> 

* 3 


for all 1 © 1 © 1 7 ^ 6 © 6' © 6" G Since a is associative, by the arbitrariness of 

A and a, a', a" G A+ (say by taking a = a' = a" = 1), we see that Eq. (jH)), and hence 
Eq. ((Tj), is eqnivalent to 

(9) ^ 

* 3 

Case 1. Assume 6=1 and b',b" ^ 1. Then Eq. (jHI) is 

* 3 

and, by Eq. ©, this means 

^;3(0S'>)6' b" = 5^,3(®f )(6' b"). 

i 3 


That is, 

6'(E'3(0h) 0f’ )'>" = '>'(E'5(0f) 0f )'>"• 

* 3 

for every T-algebra B and b', 6" G B. By the following Lemma (2. hi this is true if and 
only if 

5:/3(0!‘>)®f) = 5;/3(0f)0f, 

* 3 

giving (Cl). 

Lemma 2.6. For 0i, 02 G hi, we have 0i = 02 if and only if a Qi a' = a ©2 a' for all 
7-algebras A and a, a' G A. 


Proof: The only if part is clear. Now suppose a ©1 a' = a ©2 a' for all fP-algebras A 
and a, a' G A. Let A be the free T-algebra on one generator x. Then 

A = kx © T 2 © • • • ■ 


Here ©2 = ©jkwj in which {uji} is a basis of hi. Also, a binary operation © G acts 
on A © A by 

X © X = © G ©2- 


Thus we have 


©1 = X ©1 X = X ©2 X = ©2. 


This proves the if part. ■ 
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Case 2 . Assume b' = 1 and b, b" ^ 1. As in Case 1, we have 

Eq.® ^ '^{bQfh)Qfh" = bQfilQfb"), V b, b" G B, 

* j 

§ J]6a(0™) of 6" = '^b/3(@‘f) ©f' b", V 6,6" e B, 

«E“(0h)®f = i:/3(®f)0f 

* j 
^ (C2). 

Case 3. Assume b,b' ^ 1 and 6 " = 1. As in Case 1, we have 

§ Yib b')a{Q^^'^) = Y b ©f ^'a(©f), V 6 , 6 ' G S, 

* i 
(C3). 


Eq.| 


We next consider the three cases when exactly two of b, U, fe" are the identity. 

Case 4. Assume b = b' = 1 and b" Now Eq. ® does not apply. Directly from 
Eq. ®, we see that Eq. ® means 

Y ((aof^aOW') ® ( 10 ^ 6 ") = Y (a*(«'*a")) © • 

* 3 

Then by Eq. ®, we equivalently have 

((a©f^a')Aa") © (/?(©f )6") = ^ (aA(a'W')) © (/3(©f )/?(©f )6")- 

* 3 

This means, by moving the scalars across the tensor product, 

0 b” = ^/3(©f^)/?(©f^)(aA(aAa")) © b”. 

* j 

Since this is true for all B and b" G B, we equivalently have 

( 10 ) 5 ^/?(©f)((a 0 f^«')*a'O =^/3(©f)/?(©f)(aA(aAa")). 

i 3 

Taking a" = 1, we have 

(11) 5^/3(©f))(a©f^a') = ^/?(©f )/3(©f )(aW). 

* 3 

Conversely, right multiplying a" (by a) to this equation and using the associativity of 
A, we obtain Eq. (fTIHl . So Eq. dTUll and Eq. (ITT|) are equivalent. 

When a and a' are in A, Eq. (11) becomes 

5^/3(©f))(a ©f) a') = ^/?(©f )/3(©f )(aAa'), 

* 3 
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or, equivalently, 

)“' = a(5^/?(©f )/3(©f) A)a'. 

* j 

By Lemma EH we have 

(12) 5:,3(0f)0!''=5:'3(0fV(©')*- 

* j 

This is (C4). To go backwards, assuming (C4), then by the linearity of the map © i—> (3 
in Eq. ®, we get Eq. (HH) for all augmented T-algebras A+. So we are done with Case 

4. 

Case 5. Assume b ^ 1 and b' = b” = 1. This case is similar to Case 4. By Eq. (jH)) 
we have 

^ ((a4a')4a") © ((^(sfh)(Z)fh) = ^ [ai{aQfa")) © (6©®1). 

* 3 

Then by Eq ©, we have 

((a4a )4a") © (&a(©y)a(©fy = [ai{a' a!')) © {ba{Qf"‘)). 

* 3 

Taking a = 1, a' 7 ^ 1 7 ^ a", and moving the scalars Q!(©y) across the tensor product, 
we have 

^a(©y)a(©fya'Aa '0 ©ft = 5 ^a(©fya ©J-^^ a')®b. 

i 3 

Since this is true for any B and b & B, we have 

y]a(©fV(©fy« = y]a(©fya 0 ,'), 

i 3 

and by the arbitrariness of A and a', a" G A, we have 

5:a(0")«(0f')* = E“(0f)0f ■ 

* 3 


This is (C5). As in Case 4, all implications here can be reversed. 

Case 6. Assume b = b" = 1 and b' ^ 1. Then Eq. (jH)) still applies and we get 

^(i 0 ‘‘' 6 ') 0 f'i=i:i 0 f('>'©’i) 

i 3 

and, by Eq. ®, we get 

(/3(©y)«(©f )) 6 ' = (/?(©f )a(©f )) 6 '. 

* 3 

Thus 

5]/?(©y)a(©f) = ^/?(©f )a(©f). 

i 3 

We note that this follows from applying a to (Cl). So we do not get a new relation. 
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This completes the proof of (1) of Theorem 12 .HI 
(2) We note that the precise meaning of compatibility of the unit action {a, (5) with 
a relation © ©f\E,- space of relations A of T is the 

requirement that Eq. m holds for any CP-algebra B in the above proof. Thus the 
verification of the compatibility condition is equivalent to the verification of (Cl), 
(C2) and (C3). This proves (2) of Theorem 12.31 ■ 


3. Operads with coherent unit actions 


We now apply Theorem 12.31 to classify ABQR operads with coherent unit actions 
and compatible unit actions. We then discuss some special cases. 


3.1. The classifications. We display the relations of ABQR operads (hi, A, a) that 
admit a coherent or compatible unit action. 


Theorem 3.1. Let T = (12, A, a) be an ABQR operad of dimension n (that is, dim 12 = 
n). 

(1) There is a coherent unit action {a, (3) on T with a ^ (3 if and only if there is a 
basis {©i} o/12 with a = ©* ^^at A is contained in the subspace 

of 12®^ © 12®^ with the basis 


(13) 


(a © 02, 02 ® ©2)) 

(©1 © ©1, ©1 © a), 

(©i © ©1, ©i © ©1), 2 <i <n, 

(©2 © ©i, ©2 © ©i), < i <n, 

(©1 © ©i, ©i © ©2), 3 <i <n, 

. (©i©©j, 0 ), ( 0 ,©i©©j), 3<i,j<n. , 


(2) There is a coherent unit action (a, (3) on T with a = (3 if and only if there is a 
basis {©i} 0/12 with a = ©i such that A is contained in the subspace A" 
of 12®^ © 12®^ with the basis 


(14) 


r (©1 © A, ©]^ © a) + (a © ©]^, A © ©x) — (©1 © ©1, ©1 © ©1), 

\ (©i©©j,0), (0,©i©©j), 2<i,j<n. 


(3) There is a compatible unit action [a, (3) on T with a ^ (3 if and only if there 
is a basis {©i} 0 / 12 with a = such that A is contained in the subspace 

A(j comp of © 12®^ with the basis 


(15) 


a: 


n, comp 


^ ((©1 + ©2) ©02, ©2 ©©2), 

(©1 © ©1, ©1 © (©1 + ©2))) 

(©i © © 1 , ©i © © 1 ), 2 <i <n, 

< (©2 © Qj , ©2 © Qj ), 3 < j <n, > 

(©1 © ©i, ©i © ©2), 3 <i <n, 

(©i © ©2, 0), (0, ©1 © ©i), 3<i<n, 

, (©i©©j,0), (0,©i©©j), 3<i,j<n. , 
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(4) There is a compatible unit action {a, (3) on T with a = (3 if and only if there 
is a basis {©i} of fl with a = that A is contained in the subspace 

A" comp of with the basis 

{ (©1 © © 1 , ©1 © ©i)) 

(©1 © ©i, ©1 © Qi) + (©i © © 1 , ©i © ©i), 2<i<n, 
(©i©©j, 0 ), ( 0 ,©i©©^), 2<i,j<n. 

Proof: ((H) Let y = (f2, A,a) be an ABQR operad. Suppose there is a basis {©i} with 
A = Xli 0* such that A is contained in the subspace of generated by the 

relations (USD. Define linear maps a, /3 : D ^ k by 

a(©i) = (3{Qi) = d 2 ,il, I <i<n, 

where dij is the Kronecker delta. Then q;(a) = 1 = /3(a) and a ^ (3. It is straight¬ 
forward to check that each element in 03 satisfies the equations (C1)-(C5) in Theo¬ 
rem o For example, we check the first element (a © © 2 , ©2 © © 2 ) against (C1)-(C5) 
and see that 

• (Cl) means / 3 (a )©2 = / 3 (© 2)©2 which holds since /3 (a) = 1 = / 3 (© 2 ); 

• (C2) means a(A )©2 = / 3 (© 2)©2 which holds since q;(a) = 1 = / 3 (© 2 ); 

• (C3) means a(© 2 )A = ct(© 2)©2 which holds since Q!(© 2 ) = 0; 

• (C4) means / 3 (© 2 )a = / 3 (© 2 )/ 3 (© 2 )a which holds since / 3 (© 2 ) = 1; 

• (C5) means a(A)a(© 2 )a = a(© 2)©2 which holds since a(© 2 ) = 0. 

Therefore, each element in A satisfies the equations (C1)-(C5). Thus the unit action 
{a, (3) is coherent with T. This proves the “if’ part. 

To prove the “only if’ part, we assume that there is a unit action (a,/3) on T that 
is coherent and a ^ (3. In particular, a (a) = /3(a) = 1. Then there are direct sum 
decompositions 

D = k A © ker a = k a © ker (3. 

This, together with a;(A) = /3 (a) = 1 , implies that a = /3 if and only if ker a = ker/3. 
So we have ker a 7 ^ ker/3. In fact, ker a C ker/3 and ker/3 C ker a since dim ker a = 

dim ker f3 = n—1. So there are elements ©1 G ker f3 such that a(©i) 7 ^ 0 and ©2 G ker a 

such that / 3 (© 2 ) 7 ^ 0. By rescaling, we can assume that 

a(©i) = 1 = /3(©2), a(© 2 ) = 0 = /3(©i). 

Note that ker(a) and ker(/3) are the solution spaces of the linear equations 
©ia(©l)a^l H-f Ol{Qn)Xn{= 0l{xi ©1 H-h XnQn)) = 0 

and 

(3{Qi)Xi H-h f3{Qn)Xn{= (3{xi ©1 H- XnQn)) = 0. 

So ker a fl ker f3 is the solution space of the linear system 

a(©i)a;i H-f OL{Qn)xn = 0 , 

/3(©i)xi + ■ ■ • + (3{Qn)Xn = 0. 
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Since a ^ f3, we see that kera fl ker/3 has dimension n — 2. The intersection also 
contains a — ©i — © 2 . So there is a basis ©3, ■ ■ • , ©n of kerci fl ker/3 such that 


A — ©1 — ©2 — ©3 + ■ ■ ■ + ©n- 

Therefore 

A = ©1 + • • • + Qn- 

Now any element A G A is of the form 

n n 

(17) (X] ©i ©* ©©i> X] ©* ©©i)- 

i,j=l *J =1 

Since the unit action {a, j3) is coherent on T, A satishes each of the five coherence 
equations in Theorem 12 .hi For (Cl), the equation is 


^^ciij(3{(Di)(Dj — ^ ^ bij(3[Qi) Qj . 






By our choice of the basis {©i}, this means 

®2j©j = &2J Qj ■ 


Thus we have 


(18) a 2 ,j = 62 ,j, I <j <n. 
Similarly, from (C3), we obtain 

(19) Oi,! = bi^i- 
Applying (C2), we obtain 

^ ^ aijQ;(©i)©j = ^^bijl3{(Dj) ©* . 
ij id 

This gives 


( 20 ) ai^i — bi^2- 

Applying (C4), we have 


ij ij 


which means 


aj, 2 ©i — ^2,2 A . 

i 


If 62,2 = 0 , then since {©*} is a basis, we have 0*^2 = 0, 1 < i < n. If 62,2 7 ^ 0, then 
again since {©i} is a basis and a = J2iQi by construction, we must have 0*^2 = & 2 , 2 - 
Thus we always have 


(21) 


— f> 2 , 2 , 1 <i < 7 t. 
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As with (C4), applying (C5) gives 

(22) ai,i = bij, I < j <n. 

Some of the relations above are duplicated. For examples, ai^i = 61^1 is both in Eq. 
(fTTI|l and Eq. (1^ . To avoid this we list (I71|l and (1^ hrst and list the rest only when 
needed. Note also that the above relations only involve coefficients with at least one of 
the subscripts in {1,2}. This means that there are no restrictions among the relations 

{(©i® ©j, 0 ), (0,©i©©j)|3 < i,j < n}. 

Then we see that A in Eq. (ED is of the following linear combination of linearly 
independent elements in 

n n 

A = f>2,2 ( ^ ^ ©i © ©2, ©2 © ©2) + Rl,! ( ©1 ©©1, ©1 © ^ ^ ©j) 

i=l j=l 

n n 

+ ^ ^ Q-i^i ( ©j ©© 1 , ©j © © 1 } + ^ } 0-2,j ( ©2 ©©j, ©2 © ©j) 
i=2 j=3 

n 

+ 'y ^ 0,1,i ( ©1 ©©i, ©i © ©2) 

i=3 

n n 

+ y ^ ciij(©i ©©j, 0) + y } bij (0, ©j © ©j). 

i,j=3 i,j=3 

Recall that a = ©j. We see that A is in defined by Eq. (fT!?|l . So A C 

(j2D The proof is similar to the last part. To prove the “if’ direction, suppose there 
is a basis {©*} with a = ©j such that A is contained in the subspace of fl®^ © fl®^ 
generated by the relations ED- Define linear maps a = /3 : D — k by 

tt(©i) = 1 < z < n. 

Then a(A) = 1 = /3 (a). It is straightforward to check that elements in (IT^ satisfy 
the equations (C1)-(C5) in Theorem 12 .dl Therefore, each element in A satisfies the 
equations (C1)-(C5). Thus the unit action {a, (3) is coherent. 

Now we consider the “only if’ direction. Let {a, (3) be a coherent unit action on 
T with a = (3. Then we have D = kA©kerQ;. Let {© 2 , • • ■ , ©n} be a basis of 
ker a = ker f3 and define ©1 = a — (©2 + • • • + ©„). We have a = Q^, Q!(©i) = 1 

and Q:(©i) = 0,2 < z < n. 

Let 

n n 

(23) A = (y^ ttij Qi ®Qj, bjj Qi ©©j) 

i,j=l *j'=l 

be in A. Since {a, (3) is coherent on T, applying Theorem 12 .dl we have 

• by (Cl), Ej = Ej so aij = bij] 

• by (C2), Ej«ij0i = Ei^LiQu so aij = Ed 
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• by (C3), so = bix, 

• by (C4), so ai,i = bix 

• by (C5), ai,iA = bijQj, so ai,i = bij. 

Therefore, 

Hiji ®iii bi^i f — bJ ^ 

Thus 

( X] aijQi<^(Dj, ^ bijQi^Qj) 

i=l or ^=1 i=l or ^'=1 

= «Ll( X] ©i®©j, ^ ©i©©j) 

2=1 or ^=1 2=1 or j=l 

— <^1,1 ^(©1 ® *5 ©1 © a) + ((a — ©x) © ©1, (a — ©x) © ©l)^ 

= <^1,1 ^(©1 ©A, ©1 ©a) + (a© ©i,A© ©]^) — (©X © ©1, ©1 © ©l)^ • 

On the other hand, the coherence equations impose no restriction on other elements 
in Therefore A in Eq. (12 3 j) is a linear combination of the elements in Eq. 

m- So A is a subspace of the subspace A" 

Q The proofs of part (3) of Theorem 13.11 follow from a similar analysis as for part 

(1). But we only need to consider (C1)-(C3) which give relations (HH), (IT^ and (0n|) . 

© Likewise, for the proof of part (4), we only consider (C1)-(C3) in the proof of 
part (2). Grouping the resulting relations, we obtain Eq. ■ 


3.2. Special cases. We now consider the cases where G is of dimension 2 and 3. 
Suppose a ^ p. Then from Theorem 13. II we easily check that 

^2,coh = ^2,comp = {(a © ©2, ©2 © © 2 ), (©1 © © 1 , ©1 © a), (©2 © ©1, ©2 © ©l)}- 

Replacing ©i by © and replacing ©2 by ©, we obtain the following improvement of 
Proposition 1.2 in |2hj . 

Corollary 3.2. Let T = (G, A, a) be an ABQR operad with dimG = 2. The following 
statements are equivalent. 

(1) There is a coherent unit action (a, /3) on T with a 7 ^ /3; 

(2) There is a compatible unit action (a, /3) on 7 with a 7 ^ P; 

(3) There is a basis (©, >-) of G with a =© + >- such that A is contained in the 
subspace of G®^ © G®^ with the basis 

{(a© >-,>-© >-), (© © ©, © ©a), (>- ©©,>-© ©)}. 

Next suppose a = p. 


Corollary 3.3. Let 7 = (G, A,a) be an ABQR operad with dimG = 2. 
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(1) There is a coherent unit action {a, (3) on with a = f3 if and only there is a 

basis (© 1 , © 2 ) of Q with a = ©1 + ©2 such that A is contained in the subspace 
of with the basis 

{(©1 © A, ©1 © a) + (©2 © ©1, ©2 © ©1), (©2 © © 2 ) 0 ), ( 0 , ©2 © ©2)}- 

(2) There is a compatible unit action (a, /?) on T with a = (3 if and only if there is 

a basis (© 1 , ©2) ofQ with a = ©1 + ©2 such that A is contained in the subspace 
of with the basis 

{(©1 © ©1, ©1 © ©1) , (©1 © ©2) ©1 ©©2) + (©2 © ©1) ©2 © ©1) ) (©2 © ©2) 0), (0, ©2© ©2)}- 

Now we consider the dimension three case. From Theorem ED we get 

Corollary 3.4. Let tP = (hi, A, a) be an ABQR operad with dim hi = 3. There is a 
coherent unit action (a,/3) on T with a ^ (3 if and only if there is a basis (©, o) of 
n with A =-< + >- +0 such that A is contained in the subspace with the basis 

^3,coh = {(“< ©-<,-< ©*), (>-©-<,>-© ©), (a© >-, >- © ©), (>- ©o, >- ©o), 

(© ©o, o© >-), (o© o© ©), (o © o, 0), (0, O © o)}. 


Proof: It follows from Theorem 13.11 bv replacing {©1, ©2, ©3} with {©, ©, o}. ■ 

Clearly the relations in Eq. (ED and 0 of the dendriform trialgebra and NS-algebra, 
respectively, are contained in A 3 so have coherent nnit actions, as were shown in 
[IH1I23]. We also note that when n > 3, compatibility does not imply coherency for 
nnit actions. 


4. Coherent unit actions on products and duals of operads 


We briefly recall the concept of the black square product of ABQR operads [3 EE], 
and show that coherent and compatible unit actions are preserved by the black square 
product. We then recall the concept of the dual operad and show that, other than a 
trivial case, coherence and compatibility are not preserved by taking the duals. 


4.1. Products of operads. For ABQR operads (fli, Ai,Ai) and (fl 2 jA 2 ,A 2 ), and for 
©*'*'* G Lli, z = 1,2, we use a column vector to denote the tensor product ©i©©2 G 


111 © LI 2 . For fi = (©, 




©f\ ©® © ef) G nf^ © nf^, z = l, 2 , deflne 


fi 

h. 


© 2 '^ 




©r 


0 ?^ 


G (111 © 122)®^ © (^^1 © ^^2) 


This extends by bilinearity to all fi G i = 1,2. We deflne a subspace of 

© ^ 2 )®" © © ^^ 2 )®" by 


Ai ■ A2 


fi 

h. 


fi £ 
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So Ai ■ A 2 is a space of relations for the operator space ffi 0 ^ 2 - 

It is easy to see [Zj that the operad T := (hli Ai ■ A 2 ) with the operation 


*2 


IS 


also an ABQR operad [7j, called the black square prodnct of Ti and IP 2 and denoted 
We recall the following resnlts from [Zj for later reference. 


Proposition 4.1. (1) The quadri-algebra of Aguiar and Today jl], defined by four 

binary operations \ \ / and 9 relations, is isomorphic to the black 
square product ‘IPd^T’d where = {Tjd^^d^'^d) is the dendriform dialgebra 
in Eg. 

(2) The ennea-algebra of Leroux [T7j, defined by 9 binary operations 

)i)\ 

and 49 relations, is isomorphic to the black square product ■ IPt where = 
{ut, is the dendriform trialgebra in Eg. 

(3) The dendriform-Nijenhuis algebra [TH], equipped with 9 binary operations 


and 28 relations, is isomorphic to the black square product where = 

{ut, and Tn = Aat, Aat) are the dendriform trialgebra and the NS- 

algebra in Eg. 0, respectively. 

(4) The octo-algebra [TH] . defined using 8 operations 


i = 1,2 


and 21 relations, is isomorphic to the third power 7 ‘j:,u7£,uT‘d of the dendri¬ 
form dialgebra Td = (d^D, 


4.2. Unit actions on products. We now nse Theorem 12.31 to show that coherent 
nnit actions on ABQR operads are preserved by the black sqnare prodnct and thns 
give rise to Hopf algebra strnctnres on the free objects of the prodnct operad. 

For i = 1,2, let T, := (r2j,Aj,Aj) be an ABQR operad and let (oj,/?*) be a nnit 
action on T,. Let T = Ti ■ T 2 and define 


a := «! ® 02 (resp. '.= fii® 182 ) : fli ® 


by 


a 


©1 

02 


= ai(©i)a 2 (© 2 ) (resp. /3 


01 

©2 


= /3i(0i)/?2(©2)). 


Then (o, fi) defines a nnit action on T. 

Theorem 4.2. Let Tj := (r2j,Aj,Aj), i = 1,2, be ABQR operads with coherent unit 
actions (oj,/?*). Then the unit action (oi ® 0 . 2 , 0 ( 82 ) on the ABQR operad T := 

Ti ■ T 2 := (f^i 0 fl 2 ,AiBA 2 , ) is also coherent. Therefore, The augmented free 


7-algebra IP(U)+ on a \i.-vector space V is a connected Hopf algebra. 
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It will be clear from the proof that, if Ti and IP 2 have compatible unit actions, then 
so does their product. 

Proof: By Theorem 12., f I we just need to verify that the relations in Ai ■ A 2 satisfy 
(C1)-(C5) with the unit action {a, (3) on T. We recall that a relation in AibA 2 is of 
the form 


/r 

/ 2 . 



( 1 ) 

h 

( 1 ) 

i2 


( 2 )' 

h 

( 2 ) 

22 


ii ,12 


,(3) 

,(3) 


L 12 J 


Bit A 

Mh\) 


for 


21 ^21 


©•^^ V. 

^21 5 


n n 


'© 


(4). 

31 > 


G Ai and ©J^^^ 


©( 2 ) y 

^22 ’ 


Then by bilinearity of the product 
have 


Oi 

02 


12 ^12 




G A 2 


and the equation (Cl) for Ti and T 2 , we 




21,22 


( 1 )' 

21 

( 1 ) 

22 


© 


( 2 ) 

21 


©( 2 ) 

©©22 


E 


21,22 


/3i(©S'©Sf 

/? 2 (©i;^)©Sf_ 

e*,/32(©!;©. 


21 y"-^ 2 i 

4^)05© 


z,./?2(©g^)©5: 

'A( 0 n) 0 n 

/?2(©;-?)©g 


54A(©4)/32(©,4) 


21,22 


0 


( 2 )' 

21 


©( 2 ) 

,22 





This gives (Cl) for the product operad T. Conditions (C 2 ) and (C3) can be verified 
in the same way. 

For (C4), we have 


E-3 

21,22 


^21 

^22 


^21 

0022 


'E„A(0ib0i:’ 

ft(0SA0‘l 


EA(0!f)A(0Sf) 

22,22 


0021 

©•^^ 

0022 
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E,,A(©r)A(0;-Vi 


E 


J1J2 L 


32 

P2(@f)P(@h)*2 


5; ft(0f)/3i(05?)ft(0f )ft(05f) 

il J2 

E/Ji u 


31,32 


(3) 

31 

(3) 

32 


(4) 

31 

(4) 

12 


*1 

*2 


*1 

4^2 


This gives (C4) for the product operad T. The same works for (C5). ■ 


By Proposition 14. II and Theorem 14.21 we immediately obtain the following results on 
Hopf algebras. 

Corollary 4.3. (1) (LodayjSn]) Augmented free quadri-algebras are Hopf alge¬ 

bras; 

(2) (LerouxjTT]) Augmented free ennea-algebras are Hopf algebras; 

(3) fLeroux[TH]f Augmented free Nijenhuis-dendriform algebras are Hopf algebras; 

(4) fLerouxjrnjf Augmented free octo-algebras are Hopf algebras; 

4.3. Duality of ABQR operads. We now recall the dehnition of the dual PEniEni 
of an ABQR operad before we study the relation between coherent unit actions and 
taking duals. 

For an ABQR operad T = (hi, A, a), let hi := Horn(hi, k) be the dual space of hi, 
giving the natural pairing 

( , )o : hi X ^ k. 

Then is identified with the dual space of hl®^, giving the natural pairing 
( , )®^ : n®^ X n®^ ^ k, (x 0 ?/, a (g) Q®^ = {x, a)n {y, b)n. 

We then define a pairing 

(24) ( , ) : (f2®2 © f2®2) X (n®^ © fi®") ^ k 

by 

{(a, 13), ( 7 , i)) = (a, 7>®2 - (/3. a, /3 e 7 , S e f!®l 
We now dehne A-*- to be the annihilator of A C ff®^ © ff®^ in hl®^ © hl®^ under the 
pairing ( ,). We call T' := (hi, A-*-) the dual operad of T = (hi, A) which is the Koszul 
dual in our special case. It follows from the definition that (T^' = T. 

Example 4.4. (Associative dialgebra [2^1 Proposition 8.3]) Let (hl^), A^) be the operad 
for the dendriform dialgebra. Let {H, b} G hlu be the dual basis of {-<, g} (in this 
order). Then A;^ is generated by 

{(H © H, H © H), (h © h, h © h), (H © H, H © h), (b © H, F © H), (H © b, b © b)}. 
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It is called the associative dialgebra and is denoted Tad = {.^ad,-^ad)- It has 
two associative operations H and h, giving two ABQR operads {flAD,-^AD,~^) and 
{flAD, ^AD, h). They are isomorphic nnder the correspondence H h. 

Other examples of duals of ABQR operads can be found in iziEn]. 

4.4. Unit actions on duals. A natural question to ask is whether the dual of an 
ABQR operad CP = (O, A, a) with a coherent unit action still has a coherent unit action. 
When O has one generator, the answer is positive. This is because the generator must 
be the associative operation a. Then (0,A,a) is the operad for associative algebras, 
with the coherent unit action given by a(A) = /3(a) = 1. The dual operad is isomorphic 
to the operad itself, so again admits a coherent unit action. We now show that this is 
the only case that coherent unit action is preserved by taking the dual. 

Theorem 4.5. Suppose that an ABQR operad CP = (f2,A,A) with n = dimfl > 2 has 
a compatible unit action. Let CP’ = (f2,A-*“) he the dual operad. 

(1) CP’ has an associative operation, so is an ABQR operad. In fact it has n linearly 
independent associative operations. 

(2) CP’ does not have a compatible unit action for any choice of associative operation. 


The same is true when compatible is replaced by coherent. 


For example the associative dialgebra operad CPyi^ in Example 14.41 does not have a 
coherent unit action even though it has two linearly independent associative binary 
operations h and H. 

Proof: First assume that the compatible unit action on the given ABQR operad 

(f2,A) satishes a ^ (I. Let {©i,-- - , ©„} be the bases of given in the proof of 
Theorem o©. So we have 


^ ^ 0j A, Cr(0j) /3(©j) h2,i- 


Then by Theorem Id.lL A is a subspace of the subspace A(j^of © 12®^ with a 
basis 


(25) 


a: 


n, comp 


' ((©1 + 02) 0 02, 02® ©2), 

(©1 ® ©1, ©1 ® (©1 + ©2))) 

(©i ® © 1 , ©i ® © 1 ), 2 <i <n, 

< (©2 ® ©i, ©2 ® ©i), ^ < j <n, > 

(©1 ® ©j, ©i ® ©2), 3 <i <n, 

((©i ® ©2,0), (0,01 ® ©i),3 <i<n, 

, (©i®©j,0), (0, ©i ® ©j), 3 </, j < n. , 


Let {©i} be the dual basis of {©*}. So 0i(Qj) = dij, 1 < i, j < n. 
Then the pairing (EH) between and 12®^ © O®^ is given by 


((©i ® &j, Ok ® ©Q, (©s ® &t, &u ® ©^)) 


di,sdj,t dk,ud(.,v 
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Consider x = (©i © ©i, ©i © ©i). Then the pairing between x and the second element 
in is 1 — 1 = 0. The pairing between x and every other element in is 

also 0 since ©i © 0i does not occnr in the element. Thns x = (©i © ©i,©i © ©i) 
is in ^Qj^p^ and hence in A^, the relation space of Tl This shows that T' has an 
associative operation. The same argnment works for (©j ©©*,©*© ©i), 2 < i < n, 
giving n linearly independent associative operations. 

Next assnme that the compatible nnit action on the given ABQR operad (f^,A) 
satisfies a = (3. Let {©i, • • ■ , ©n}, n = dimff, be the basis of given in the proof of 
Theorem Id. II (4) . Then as in the last case, we check that (©j © ©j, ©j © ©j), 1 < f < n, 
are in C A-*-, again showing that T' is ABQR . 

(2) Snppose that there is a choice of associative operation a in and a nnit action 
(a,/?) that is compatible with (fijA-*-,*). First assnme that a ^ (5. We easily verify 
that the three relations 

(26) (©2 © ©1, ©2 © ©l)) (©1 © ©1) ©1 © ©l); (©2 © © 2 ) ©2 © © 2 ) 

are in A(j and hence in A-*-. So they should satisfy the compatible equations 

(C1)-(C3) in Theorem 13.11 Applying (C2) to the first relation in Eq. (OH|l . we obtain 
a(©2)©i = /9 (©i)©2. So 

(27) a(©2) = /9(©i) = 0. 

Applying (C2) to the second relation in Eq. (1^ . we have a(©i) = /?(©i), yielding 
a(©i) = 0 by Eq. (I77|l . Applying (C2) to the third relation in Eq. (1^ . we have 
«(© 2 ) = /3(©2), giving /9(©2) = 0 by Eq. (j27j). For z > 2, we check that (©« © ©2,0) 
and (0, ©1 ©0j) are in and hence in A-*-, so satisfy (C1)-(C2). Applying (Cl) 

to the hrst relation gives /3(©j)©2 = 0. So /?(©*) = 0. Applying (C3) to the second 
equation gives a(0j)0i = 0. So «(©*) = 0. Therefore a and (3 are identically zero. 
But this is impossible, since a (a) and /?(a) should be 1. 

Next assume that a = (3. For each i >2 (there is such an i since dimfl > 2), we 
check that (©1 © ©j, ©1 © ©j) and (©* © © 1 , ©* © © 1 ) are in A" C A-^. Applying 

(C2) to them, we get 

a(©i)©i = /3(©i)©i, a(©i)©i = ^(©i)©*. 

So a(0i) = (3{Qi) = 0 and «(©*) = /?(©i) = 0,z > 2. Thus a and (3 are identically 
zero, giving a contradiction. 

Finally if T has a coherent unit action, then it automatically has a compatible unit 
action. So by part o, 7 ' is an ABQR operad, but does not have a compatible unit 
action. It therefore does not have a coherent unit action. ■ 
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